We present a new diagnostic mixing length for a turbulence scheme based on a prognostic equation for the turbulence kinetic energy. The formulation adds a local vertical wind shear term to the non-local buoyancy-based mixing length currently used in the research mesoscale model Meso-NH. The combined effects better represent local mixing for stably stratified flows where the wind shear plays a major role. The proposed formulation is directly evaluated in large-eddy simulations of stable, neutral, and unstable atmospheres. It is tested in single-column simulations with different length scale formulations and compared to large-eddy simulations. Idealized cases with varying surface cooling rates and different prescribed geostrophic winds are used to evaluate the impact of the new model on the stable boundary layer. The model reduces the over-diffusion typically occuring in modeling the stable boundary layer and shows better performance in terms of the turbulent mixing, the temperature inversion, and the boundary-layer and low-level jet heights compared to large-eddy simulations. A slight improvement of the turbulence intensity is shown for convective boundary layers.
INTRODUCTION
Stable boundary layer (SBL) modeling in numerical weather prediction (NWP) models plays a major role in terms of the predictability of the minimal temperature, surface frost, dew, fog, and low-level jet (LLJ). The prediction of these features is required in sectors such as air quality (Weil, 2012) , air and road traffic, agriculture, and wind farming (Hansen et al., 2012) . It is still a challenge for global and regional models to represent correctly the SBL (Mahrt, 1998; Viterbo et al., 1999; Beljaars et al., 2012; Holtslag et al., 2013) . Turbulent mixing is one of the main processes driving the atmospheric SBL along with surface coupling and radiation. The SBL can be classified into two idealized categories (Mahrt, 1998; Zilitinkevich et al., 2008; Mahrt, 2014) . The traditional SBL associated with relatively strong and continuous turbulent mixing and a well-defined boundarylayer height is referred as the weakly stable boundary layer (WSBL). In the very stable regime (VSBL), the turbulence is relatively weak and globally intermittent associated with weak winds. Although this division is not completed and oversimplified (Mahrt, 1998) , a unique classification is not yet formulated (e.g., Van de Wiel et al., 2003; Banta, 2008; Mahrt, 2014) .
Large-eddy simulation (LES) is a state-of-the-art numerical tool used to study the physical processes and the average effects of turbulence on the development of a boundary layer. LES is frequently used to investigate the SBL (see for example, a WSBL LES review by Beare and Macvean, 2004) . A common methodology to develop and improve parameterizations is to compare LES statistics to single column model (SCM; Randall et al., 1996; Hourdin et al., 2013) . Over the last decade, such model intercomparisons have been investigated at an international scale within the Global Energy and Water Exchanges (GEWEX) Atmospheric Boundary Layer Study (GABLS, Holtslag, 2006) for WSBLs Svensson et al., 2011; Bosveld et al., 2014) . Previous intercomparison studies have shown that strong variabilities in the mean wind and potential temperature profiles is modeled by SCM. For example, strong diffusivity from first-order turbulence scheme leads to overestimations of the mixing and the surface friction velocity, leading to overestimations of the boundary layer and the LLJ heights and an underestimation of the turning of the wind (Svensson et al., 2011) . Most turbulence parameterizations of NWP models currently use a higher-order scheme (TKE-l) based on a turbulence kinetic energy (TKE) prognostic equation with a diagnostic equation for the mixing length. TKE schemes show better convergence to LES results than first-order schemes. However, the variability between models is still high. A fourth intercomparison (GABLS4) of a VSBL, based on observations from Dome C (East Antarctica), is currently in progress (Bazile et al., 2015) .
Differences in TKE-l schemes arise primarily from (i) the mixing length formulation for momentum, heat, and dissipation, (ii) the additional use of stability functions, and (iii) different model constants, which can vary by an order of magnitude. Stability functions may arise from second-order equations (e.g., Mellor and Yamada, 1982) or directly from fits to observational data (e.g., Businger et al., 1971; Dyer, 1974; Duynkerke, 1991) . Associated with stability functions, different types of mixing lengths are used in TKE-l schemes with either local or nonlocal characteristics (Lenderink and Holtslag, 2004) . Local formulations can be based on (i) the distance to the boundaries, l = κz (Prandtl, 1925) , (ii) the local static stability (Deardorff, 1980) , or (iii), more recently, the local vertical wind shear (Hunt, 1988; Tjernström, 1993; Schumann and Gerz, 1995; Grisogono and Enger, 2004; Grisogono and Belušić, 2008; Grisogono, 2010; Venayagamoorthy and Stretch, 2010) . Non-local mixing lengths (Bougeault and Lacarrere, 1989; Holtslag and Boville, 1993; Lenderink and Holtslag, 2004) have been introduced for convective conditions when the mixing length depends on the size of the largest eddies and the coherent structures. More examples of mixing length formulations can be found in Cuxart et al. (2006) .
The present paper emphasizes the key role of mixing length formulations within a turbulence scheme based on TKE-l closure (Cuxart et al., 2000; Cheng et al., 2002) in the research model Meso-NH (Lafore et al., 1998) . Meso-NH can be used in LES or in single-column mode and integrates the same turbulence scheme as the French NWP Application of Research to Operations at Mesoscale model (AROME, Seity et al., 2011) . In a stably stratified atmosphere, vertical wind shear is the only positive source of TKE. Therefore, wind shear effects on mixing, which are not currently included, should be taken into account in the length scale formulation. Based on the original buoyancy-based formulation (Bougeault and Lacarrere, 1989) , this study proposes a buoyancy-shear combined mixing length.
The modified formulation is evaluated by comparing the SCM performance to that of LESs for several stably stratified cases from the literature Sullivan et al., 2016) . A sensitivity study to vertical wind shear and stability is proposed as a first evaluation of the new length formulation with diverse forcing. The modified turbulence scheme is also evaluated against convective cases from the literature (Ayotte et al., 1996; Couvreux et al., 2005) to verify the consistency of the modified model in convective boundary layers.
The paper is organized as follows. Section 2 describes the models used in this study as well as the different simulated cases. Section 3 presents the new mixing length for a TKE-l scheme and the motivations for the proposed formulation. The behavior of the turbulence scheme with the new formulation is further compared to the actual scheme and evaluated against LESs in Section 4 by comparing the mean wind and temperature profiles, the boundary-layer height, and the statistical moments. Concluding remarks are proposed in Section 5.
METHODS

The Models
Meso-NH
In this study, we use the non-hydrostatic atmospheric research model Meso-NH (Lafore et al., 1998) . This model can be run either in mesoscale, single-column, or three-dimensional explicit large-eddy mode. The specifications of each version are detailed below. The turbulence scheme is based on Sommeria (1982, 1986) and is presented in detail in Cuxart et al. (2000) . Model constants are from Cheng et al. (2002) .
The scheme is based on a prognostic equation of the subgrid TKE and a diagnostic mixing length. The dissipation of the subgrid TKE is physically induced by small-scale turbulence. The stronger the smallest eddies are, the more intense the dissipation is. Assuming that the turbulence is stationary and isotropic, dimensional arguments (Kolmogorov, 1941) express ǫ, the dissipation rate of TKE, as
where L ǫ is the dissipation length, e is the kinetic energy, and C ǫ = 0.85. Traditionally in TKE-l models, the dissipation closure is realized by assuming that the dissipation length equals the mixing length, i.e., L ǫ = L m . The validity of this assumption is discussed in Section 4. Note that a possible solution to avoid this assumption is to estimate the dissipation rate of TKE via an additional prognostic equation (Duynkerke and Driedonks, 1987) ; this is commonly called the TKE-ǫ model. This solution is beyond the scope of this study. The shared specifications of the LESs and SCMs are the following. The subgrid length scales are modified near the ground, as suggested by Redelsperger et al. (2001) , to match the similarity laws and the values of the free-stream model constants. An absorbing layer is prescribed at the top of the domain to prevent spurious reflections.
The Explicit Model
The specifications of Meso-NH in its explicit mode are detailed in this section. The mixing length L m is different in the LES and mesoscale modes. In LESs, because the grid cells used are very small compared to the largest eddies and nearly isotropic (see the next section), the mixing length can be linked to the largest subgrid energy-containing eddies, which are the size of the grid cell, L m = ( x y z) 1/3 (hereafter DELT). DELT is prescribed in most three-dimensional cases. In a stably stratified atmosphere, most energy-containing eddies are much smaller than those in convective conditions. In several LES cases with strong stratification, the largest subgrid energy-containing eddies are usually smaller than the grid cell size. A second mixing length based on the size of the mesh and reduced by the stratification is then considered, as proposed by Deardorff (1980) 
where N is the Brunt-Väisälä frequency. For all LESs presented here, the lateral boundary conditions are periodic. An initial random perturbation of 0.1K is applied to the potential temperature over the entire domain. The grid mesh is horizontally isotropic; the grid lengths in the x-and y-axes are equal. For stably stratified cases, excepting the case indicated in Table 1 , the vertical resolution is also equal to the horizontal resolution in the boundary layer (a verification is done a posteriori). However, the vertical grid is stretched in the upper part of the domain to save computing resources. For all the LES simulations, we have checked that the subgrid quantities are negligible (<20%) compared to the total (resolved + subgrid) quantities to ensure that the majority of the turbulent eddies are resolved.
The Single-Column Model
The host model Meso-NH can also be used in single-column mode, in which only the vertical mixing is considered. The onedimensional (1D) turbulence scheme is based on one prognostic equation of the subgrid TKE, e, given by
where T stands for the Transport term, DP for the Dynamical Production term, D for the Dissipation term and B for the Buoyancy term, which is a production term in a convective stratification and a destructive term in a stable stratification. u ′ w ′ , v ′ w ′ , and θ ′ w ′ are the average vertical turbulent momentum and heat fluxes, respectively, and ' denotes the deviation from the mean values. U, V, and θ , are the horizontal mean velocities and the potential temperature, respectively, and w is the vertical 
and the expressions of the momentum K m , and heat K h diffusivities are
where C T , C m , and C h are model constants, with C T = 0.4 (Bougeault and Lacarrere, 1989) , C m = 0.126, and C h = 0.143 (Cheng et al., 2002) . ψ m and ψ h are stability functions for the momentum and heat, respectively, with ψ m = 1 for Meso-NH. In single-column mode, the mixing length represents the typical energy-containing eddy size constrained by the distance to the boundaries (ground) and by the thermal stratification, as described by Bougeault and Lacarrere (1989) , hereafter BL89. The mixing length represents the non-local effect of the static stability on turbulent structures. The length is computed from two intermediaries, l up and l down (see Figure 4 of Cuxart et al., 2000) , which represent the maximum possible distance traveled by an air parcel due to the loss of its kinetic energy via the buoyancy effect such that
where β = g/θ v,ref , and g is the gravity. The mixing length is derived from an average originally expressed as min(l up , l down ) and then as l up l down (Cuxart et al., 2000; Lenderink and Holtslag, 2004) . The current averaging technique is
The different averaging techniques of l up and l down have been tested for several simulated cases and little sensitivity has been found (not shown).
Case Description
A set of simulations from the literature with varying stabilities and wind shears, listed in Table 1 , is reproduced in this study. For each case described below, three simulations are performed: one LES, which is taken to be the reference, and two single-column simulations with varying mixing length formulations, the BL89 formulation and the new proposed mixing length described in Section 3. Entries are as follows: the simulation name, reference list, overall static stability category, constant geostrophic wind forcing, constant Ts surface temperature forcing, Nx x Ny x Nz grid points, ∆x x ∆y x ∆z grid lengths, z 0 momentum roughness length, mixing length of the subgrid turbulence scheme (see Section 2.1.2), and simulation time duration. OB, hourly varying Observation-Based forcing.
Stable Boundary Layers
The benchmark high-latitude SBL of GABLS1 is reproduced as a reference for this study. This case is based on Kosovic and Curry (2000) and is fully described by Beare et al. (2006) . The simulated domain is 400 × 400 × 400 m. Sensitivity experiments (Beare and Macvean, 2004; Sullivan et al., 2016) have shown that increasing the horizontal size of the physical domain has a negligible effect. A constant geostrophic wind forcing of (U g , V g ) = (8, 0) m.s −1 is prescribed. The simulation was run for 9 h. The surface temperature is forced with a constant cooling rate of C r = 0.25 K.h −1 . The Coriolis parameter is f = 1.39 × 10 −4 s −1 and the roughness length for the momentum and heat is z 0,m = z 0,h = 0.1 m. The initial potential temperature profile is neutral for the first 100 m and has a constant stable stratification of 0.01 K.m −1 above. The Monin-Obukhov similarity (Monin and Obukhov, 1954 ) is applied at the first grid point as the boundary conditions such that
where u ⋆ is the friction velocity, L is the Obukhov length, φ m,h are stability functions for the momentum and heat, and κ = 0.4 is the von Kármán constant. Equation (8) is used with a common approximation of φ m,h in stable conditions (Dyer, 1974) 
where β m = 4.8 and β h = 7.8. This case will be referred to as S8C25 (see Table 1 ).
A sensitivity analysis to the vertical wind shear and the surface cooling is performed for this case. The main goal of this analysis is to quantify and evaluate the sensitivity of the mixing length formulation to various forcing conditions, i.e., by varying the surface cooling C r = [0.25, 0.50, 1.00] K.h −1 (cases S8C25, S8C50, and S8C100, respectively, Table 1 ), so that the integrated surface cooling is increased by 2 and 4 (the same values are prescribed in Sullivan et al., 2016 for intercomparison purposes) and by varying the geostrophic wind forcing U g = [6.0, 10.0] m.s −1 (cases S6C25 and S10C25, respectively, Table 1 ) to test the effect of less and more intense wind shears.
An extremely shallow boundary layer is also simulated. In this case, the geostrophic wind forcing and surface cooling are prescribed in a manner similar to GABLS4's (Bazile et al., 2015) idealized setup based on observational measurements from Dome C. Because the GABLS4 intercomparison study is currently in progress and is not yet published, the reader will need to refer to future published papers for additional information on the LES intercomparison. Here, we use a weak geostrophic wind forcing of U g = 5 m.s −1 , a strong surface cooling rate of C r = 1.35 K.h −1 , and a roughness length of z 0,m = 10 −3 m for the momentum and z 0,h = 10 −4 m for the heat (S5C135 ,  Table 1 ) to study a VSBL. For this LES, the subgrid mixing length DEAR (Equation 2) is used instead of DELT due to the extreme stratification. The horizontal and vertical sizes of the domain are also reduced to 200 × 200 × 75 m because the boundary layer is expected to be less than 50 m. In addition, the grid length is not isotropic, at 0.50 × 0.50 × 0.125 m, to save computing resources. A more detailed analysis of the impact of the resolution on the simulated statistics from stably stratified LESs is given in the Appendix A (Supplementary Material).
Neutral Stratification
To calibrate the new buoyancy-shear based mixing length, a neutrally stratified atmosphere is simulated. The selected case is based on near-neutral mixed-layer observations collected during the CASES-99 field experiment on October 13, 1999 (Drobinski et al., 2004) . The mixed layer is well developed over 750 m and is capped by an 8 K inversion. Strong winds of ∼10 m.s −1 at 150 m provide a large wind shear. The case is simulated via a LES of 3 km × 1 km × 750 m forced by a constant geostrophic wind of U g = 10 m.s −1 , described by Drobinski et al. (2007) (N10, Table 1 ). The atmosphere is initially neutral and no heat fluxes are prescribed at the surface. The simulation lasts 24 h and the average statistics are made over the last 15 h of the simulation. The subgrid length scale is DELT. A second simulation (N20 ,  Table 1 ) with double geostrophic wind intensity is performed to assess the sensitivity of the updated mixing length to the wind shear.
Convective Boundary Layers
Two convective cases are also performed to verify the validity of the new length formulation for unstably stratified flow: the IHOP LES experiment (Couvreux et al., 2005) with weak wind shear (S ≈ 0.002 s −1 ) and the 05WC case from Ayotte et al. (1996) with strong wind shear (S ≈ 0.01 s −1 ). As in the other cases, the surface forcing is prescribed but with a positive heat flux (not a surface temperature) based on observations. In the IHOP case, the surface heat flux varies from 5 W.m −2 in the first hour to 100 W.m −2 in the final simulated hour. 05WC prescribes a timeconstant surface heat flux of 59 W.m −2 . The reader can refer to the specific studies for additional information. For the two cases, the single-column simulations use the Eddy Diffusivity Mass Flux scheme of Pergaud et al. (2009) .
LES Diagnostics
To determine a parameterization oriented length scale, we combined Equations (4) and (5) to diagnostically compute the momentum L K and heat L H length scales from the LES such that
The equivalent mixing length is L m = L K /C m , where L K is deduced from the LES. These LES-estimated length scales are valid if the turbulent fluxes are produced by local mixing, as implied by the K-gradient theory (Equation 4). This is the case in a stably stratified atmosphere. In unstable flows, the turbulent structures are produced by non-local mixing, which is not in agreement with the K-gradient theory. Therefore, the reference length scale, L K (Equation 10), cannot be derived for unstable stratifications. The evaluation of the new length scale is performed only online in the SCM for the convective cases (see Section 4.3). For the stably stratified cases, the new length scale is evaluated first with L K estimated via the LESs and then online in the SCM. The dissipation length scale, L ǫ , is computed from the dissipation rate of the TKE (Equation 1) diagnosed from the TKE budget such that
The stability function for the heat ψ h is deduced from the estimation of the heat L H and momentum L K length scales.
3. BUOYANCY-SHEAR BASED MIXING LENGTH
Motivation
Previous GABLS studies Svensson et al., 2011; Bosveld et al., 2014) have shown that the representation of the SBL between NWP models is highly variable. In many cases, mixing in models is too large compared to LESs and observations, with numerous consequences as discussed in Section 1. The consequences of over-diffusion in the SBL is also shown in the study of a katabatic flow compared to an improved Prandtl model by Grisogono and Belušić (2008) . The causes of these features are due not only to turbulence but also to land-surface thermal coupling and radiation divergence (Bosveld et al., 2014) . In the GABLS1 experiment, no radiation scheme is used and the surface temperature and boundary conditions are forced, leading to a turbulence-only driven SBL. In this experiment, mixing in the models is overestimated. Currently, most operational and research models use a TKE-l scheme with various mixing length formulations for the heat, momentum, and dissipation (e.g., Table III of Cuxart et al., 2006) . Therefore, the question originally raised by Mellor and Yamada (1974) is: how sensitive to length scale formulations are TKE-l schemes?
The sensitivity of SCMs to the mixing length can be evaluated via a numerical experiment in which the parameterization of the turbulence in the SCM is forced by LES-derived parameters. Because the transport of turbulence is often negligible in a SBL (Brost and Wyngaard, 1978) , the remaining closure parameters, according to the evolution of the TKE (Equation 3), are the turbulent fluxes and the dissipation rate of the TKE. The main parameters for the turbulent fluxes (Equations 4, 5) are the momentum length scale L K and the heat stability function ψ h . For the dissipation rate of the TKE (Equation 1), the main parameter is the dissipation length scale L ǫ . These parameters are derived from the LES as described in Section 2.3.
Three single-column experiments are performed in which these LES-derived parameters are injected online into the SCM instead of using a parameterization (e.g., Equation 6). In the first case, only the mixing length L m in the SCM is substituted by the equivalent LES-derived mixing length. The second 1D experiment is forced by two parameters, L m and L ǫ . The third case is forced by three parameters, L m , L ǫ , and ψ h , so that all closure parameters are forced by LES-derived parameters.
For this numerical experiment, the GABLS1 experiment Cuxart et al., 2006) is used. After ∼9 h, a quasi steady state is achieved. The final 1-h mean profiles of the potential temperature and wind speed are compared in Figure 1 . In the reference SCM (red), the inversion region for the temperature and the height of the LLJ are overestimated compared to the LES (black), as found in the original study . The mean profiles of the L m -forced SCM (blue curve) are much closer to the LES profiles. This result demonstrates that a better mixing length formulation in the SCM could significantly improve the representation of the mean profiles in the SBL.
In the L m and L ǫ (green) and the L m , L ǫ , and ψ h (dotted orange) forced experiments, the mean profiles of the potential temperature and wind speed are closer to the LES than those of the SCM only forcing the mixing length. The forcing including ψ h did not significantly improve the profiles because its value in this case is close to one. As expected, we see that including more LES-forced parameters produces results closer to those of the LES. However, the gains from the prescription of L ǫ and ψ h are much smaller than those from L m alone, underlying the importance of the mixing length formulation.
Theoretical Formulation
Historically, the Prandtl formulation, l = κz (Prandtl, 1925) , was predominantly used because it was known that turbulent structures are physically constrained by the distance to the ground. Later, the Blackadar estimation, l −1 = (κz) −1 + λ −1 , where λ is an asymptotic mixing length in the free atmosphere (Blackadar, 1962) , added a limit imposed by neutral based observations. Various versions of the Blackadar mixing length with additional terms representing the stability effect have been proposed. For example, these additional terms include the Monin-Obukhov length (Delage, 1974) or the gradient Richardson number defined by
which expresses counter effects of the inhibition of the turbulent motion via the static stability N and the production of turbulence via the vertical wind shear S. Other mixing length formulations are based only on the stability effect, such as the Deardorff formulation (Deardorff, 1980) described in Equation (2) or the BL89 formulation (Equation 6). More recent studies have proposed mixing length formulations including the vertical wind shear effect. For example, Schumann and Gerz (1995) determined the momentum diffusivity K m proportional to ǫ/S 2 with the dissipation of the TKE proportional to w ′2 S (Hunt, 1988) . Assuming K m = l √ e, the equivalent mixing length is expressed as
Similar formulation for the mixing length including only the vertical wind shear is proposed by Venayagamoorthy and Stretch (2010) from direct numerical simulations of homogeneous sheared turbulence :
which was tested in a parameterization of stably stratified turbulence by Wilson and Venayagamoorthy (2015) . The shear length scale √ e S was also combined with a buoyant length scale (Deardorff, 1980) for the study of a katabatic flow by Grisogono and Belušić (2008) such as :
where a and b are constants. The additional shear length scale allowed to reduce the over-mixing of a buoyancy-based formulation in the z-less regime of the VSBL compared to an improved Prandtl model for a katabatic flow (Grisogono and Belušić, 2008; Grisogono, 2010) . Although the representation of the length scales were improved recently for the SBL, a unifying formulation suitable for all stratification range is missing. In Meso-NH, the reference length scale (Bougeault and Lacarrere, 1989) represents inaccurately the physical mixing in the stable and neutral boundary layers. For example in the GABLS1 case, Figure 1 shows that BL89 does not correctly represent the mixing in the SBL. Compared to LESs, the actual formulation of BL89 overestimates the turbulent mixing (as the old local buoyancy-based mixing length in Grisogono and Belušić, 2008) . In stable conditions, the buoyancy term in the evolution of the TKE (Equation 3) becomes negative, so that dynamical production is the only remaining source of TKE. Therefore, the vertical wind shear effect is important. However, in the actual formulation of BL89, the wind shear is not represented. A possible solution to the overmixing prediction by BL89 within the SBL is to include the mean vertical wind shear S.
In a neutral atmosphere, physical mixing is not captured by BL89 because the term on the left-hand side of Equation (6) is zero. l up extends to the top of the model in that case, which is physically not acceptable (see for example Section 3.3).
The primary goal of this study is to upgrade the current formulation to be physically more accurate for all stratification conditions. Dimensional arguments suggest modifying the length scales to be buoyancy-shear based (hereafter BS) such that
where C 0 is a constant and S(z ′ ) is the local vertical wind shear. The shear term corresponds to the slowdown effect produced by the vertical decoupling of turbulent structures when the local shear is strong (Figure 2) . This effect also depends on the average eddy size, represented here by the TKE, because larger eddies are more decoupled. This new formulation is evaluated within the SCM Meso-NH on the simulated cases described in Section 2.2. The results are presented in Section 4.
Calibration of the Constant
The derivation of the constant C 0 of the proposed mixing length BS (Equation 17 ) is discussed in this section. To simplify the problem, it is possible to reduce the original formulation of BS in neutral conditions, where θ v is vertically uniform, and assuming a constant wind shear, to which gives
Therefore, a neutral LES is performed in the configuration of Drobinski et al. (2007) . The calibration of the constant C 0 is performed with two simulations of a neutral atmosphere with different geostrophic wind speeds, U g = [10, 20] m.s −1 (N10 and N20, Table 1 ). The constant is fitted to obtain the best agreement between the reference length L K and the diagnosed BS (Equation 17) for the two neutral LESs. Here, we find C 0 = 0.50. From the literature, it is possible to verify the consistency of the value of C 0 with previous studies. Wilson and Venayagamoorthy (2015) proposed in a shear-based parameterization the length scale L K = cL S , where L S is defined in Equation (15) and c is the stress intensity ratio given by
where τ is the turbulent stress. Historically, the value of c 2 has been considered constant. For example, c = 0.52 was derived by Nieuwstadt (1984) from observations of near neutral stability during the Cabauw experiment (Driedonks et al., 1978) . While recent studies (Mauritsen et al., 2007; Wilson and Venayagamoorthy, 2015) have shown that the stress intensity ratio may vary as a function of Ri g , the value of c in neutral stability of c 0 = 0.50 has been suggested by high-Reynoldsnumber direct numerical simulations and experimental data (Karimpour and Venayagamoorthy, 2014) . The combination of the simplified formulation of the new mixing length in neutral stratification and constant shear (Equation 19 ) and
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Introducing the turbulent stress τ into the length scale L K (Equation 10) results in
which transforms Equation (21) into
and simplifies (using Equation 20) in a neutral atmosphere to
Here C m = 0.126 and C 0 = 0.5 results in c 2 0 ≈ 0.25, which is in agreement with previous studies.
Verification of the Calibration with LESs
The proposed formulation is first directly evaluated in neutral and stable LESs. In the neutrally stratified cases, N10 and N20, BL89 results in a hyperbolic curve that is very different from the reference curve. This behavior is obviously not physically acceptable because the BL89 length is only influenced by the distance to the model boundaries. The reference length has an asymptotic value of ∼300 m, regardless of the geostrophic wind. An asymptotic value for neutral mixing is usually observed (Blackadar, 1962) . For the stably stratified cases, the mixing length has a maximum value near 0.2-0.3 the stable boundarylayer height (z i , defined in Section 4.2). The new diagnosed length scale BS is in better agreement with the reference length for all simulated cases. Further evaluations of the new length scale are performed online in single-column simulations. Comparisons with the LES results are shown in the next section.
EVALUATION OF SINGLE-COLUMN SIMULATIONS WITH LARGE-EDDY SIMULATIONS
Revisit of Model Constant
Single-column simulations of the stable and convective boundary-layers with the original BL89 and new mixing lengths BS are performed and compared to LESs. From preliminary tests, it was shown that the dissipation rate of the TKE was overestimated (not shown) and that a calibration of the dissipation constant C ǫ (see Equation 1) needs to be made to maintain consistency with the new mixing length BS and the LES results.
In a neutral sheared flow along the x-axis, one assumes that a quasi-equilibrium between the production and dissipation of TKE can be reached. This is possible if, after initialization, the production of TKE is greater than its dissipation, which from the prognostic equation of the TKE (Equation 3) leads to the following condition:
Combining the expressions for the momentum flux and the diffusivity (Equations 4-5) and the dissipation rate of the TKE (Equation 1) leads to an expression for the mixing length, such that
Combining Equation (26) and the expression for the new mixing length BS in neutral conditions (Equation 19 ), one can obtain a restriction on the constant C 0 such that
Derived from the neutrally stratified boundary layer (Section 3.3), C 0 = 0.5 is not in agreement with the current values of the model constants C m and C ǫ , which Equation (27) lead to C 0 < 0.385. One way to be consistent with the value of C 0 is to correct the dissipation constant C ǫ . The results from all LESs of neutrally and stably stratified cases also support a modification of the dissipation constant. Figure 4 shows the dispersion, at different times, of C ǫ diagnosed from Equation (1) with respect to the gradient Richardson number (Equation 13 ). The dissipation length L ǫ is evaluated using L K /C m (Equation 10) assuming L ǫ = L m . Data from neutral LESs collapse to Ri g = 0 and show a large dispersion with a mean value lower than the currently used value of C ǫ = 0.85 (Figure 4) . In stably stratified cases, data are much more linearly dependent on the stability. This suggests that the commonly used assumption of L ǫ = L m may not be applicable, especially in stable flows. A discussion on this aspect is beyond the scope of this study. For simplicity, we correct the dissipation constant based on the mean value of all the neutral and stable LESs in this study (Figure 4) , which is C ǫ = 0.34. This value is used in the evaluation of the new length scale within the single-column simulations.
Stable Boundary Layers
The new length scale is evaluated online in single-column simulations of a SBL. We compare the LES results to the singlecolumn simulations with either the current mixing length, BL89, or the new proposed mixing length BS. The impacts of the new formulation for varying surface cooling and wind shear on the low-order moments and turbulent fluxes are discussed.
FIGURE 3 | Mixing length L m profiles from neutrally stratified (weak N10 and strong N20 geostrophic wind speed, see Table 1 ) and stably stratified (S8C25, S8C50, S8C100: weak to strong surface cooling; S6C25 and S10C25: weak to strong geostrophic wind speed; S5C135 weak geostrophic wind speed and strong surface cooling; see Table 1 ) LESs: the reference length L K /C m from Equation (10) (black), the diagnosed BL89 length (red), and the diagnosed BS length (blue). Profiles are scaled by the boundary-layer height z i , except for the neutral atmospheres (N10 and N20).
FIGURE 4 | TKE dissipation constant C ǫ computed by Equation (1) as a function of the gradient Richardson number (Equation 13) from neutrally stratified (N10 and N20) and stably stratified (S8C25, S8C50, S8C100, S5C135, S6C25, and S10C25; see Table 1 
which corresponds to the height where the mean stress falls to 5% of its surface value followed by a correction via a linear extrapolation. This definition was proposed in the intercomparison GABLS1 (Kosovic and Curry, 2000; Beare et al., 2006; Cuxart et al., 2006) and has been used by other studies (e.g., . With this method, the boundarylayer height coincides with the LLJ altitude. For each stably stratified case (Table 1) , the boundary-layer height reaches a quasi-steady state in 4-5 h (Figure 5) . The LES results can be compared to other studies for the reference setup S8C25 (GABLS1); the present LES gives z i ≈ 165 m, which is comparable to the range of LESs from Beare et al. (2006) The impact of increasing (decreasing) the geostrophic wind is an increase (decrease) in the dynamical production of turbulent fluxes by the wind shear and, therefore, the boundary-layer height ( Figure 5 , S10C25 and S6C25 cases). Driven by weak wind and strong surface cooling, the case S5C135 has an extremely shallow SBL (Figure 5) , on the order of the magnitude of that observed at Dome C, Antarctica (Bazile et al., 2015) .
In all cases, the boundary-layer height is overestimated by the SCM with the BL89 mixing length (Figure 5) . The overestimation is ∼35-52%. The use of the new BS length scale leads to a better prediction of the boundary-layer height compared to that of the LES. The reduction of the mixing length by the new formulation (see Section 3.4) induces a reduction of the turbulent fluxes, which leads to a lower boundary-layer height compared to that of the SCM with BL89.
An inspection of the final potential temperature and wind profiles (Figures 6, 7) demonstrates the sensitivity to varying surface cooling and geostrophic wind forcing. With a fixed cooling rate, the sensitivity to wind shear is shown with cases S6C25, S8C25, and S10C25. Increasing the geostrophic wind leads to an increase in the wind shear, enhancing turbulent mixing and, therefore, leading to a more curved potential temperature profile (Figure 6) . With a fixed geostrophic wind, an increase in the surface cooling (S8C25, S8C50, and S8C100; note that the x-axes are not the same) leads to an enhancement in the vertical temperature gradient (Figure 6) . A stronger stratification induces a stronger negative buoyancy flux (not shown), which reduces the turbulent mixing leading to a shallower SBL (Figure 5) . The VSBL driven by the weak wind and strong surface cooling (S5C135) results in an extreme potential temperature gradient of ∼0.3 K.m −1 near the surface (Figure 6 ). Aloft, a much weaker temperature gradient is simulated by the LESs, especially in the more stable cases (S8C50, S8C100, and S5C135). This division of the SBL, into a strongly stable layer near the surface and a weaker stable layer above, was also simulated by Sullivan et al. (2016) for the stronger surface cooling rates; which is consistent with multi-layers structures of the VSBL (Smedman, 1988) . Figure 7 shows the mean wind profiles for the final hour of the simulations. Increasing geostrophic wind forcing with fixed surface cooling [S6C25, S8C25, and S10C25] leads to a higher and stronger LLJ. Conversely, weaker geostrophic wind speeds tend to result in sharper LLJs (Blackadar, 1957) . Increasing surface cooling with fixed geostrophic wind [S8C25, S8C50, and S8C100] also modifies the LLJ, which is sharper and at a lower level (Figure 7) . For example, the LES S8C25 has its maximum wind speed at ∼161 m while the 4 times higher surface cooling of S8C100 results in an LLJ at 84 m. The VSBL, S5C135, has a very low LLJ at ∼27 m (Figure 7) .
The overestimation of the turbulent mixing with BL89 in stably stratified cases is observed in the potential temperature and wind speed profiles. The SCM with BL89 overestimates the altitude of the LLJ and the slope of the wind profile in the lower part of the boundary layer (Figure 7) . Overmixing is also associated with a more curved potential temperature profile (Grisogono, 2010) compared to that of the LES (Figure 6 ). The modified mixing length is in better agreement with that of the LES, with a less curved temperature profile, as well as a more realistic slope of the wind profile and altitude of the jet in all cases. Figure 8 illustrates a comparison between the LES and SCM for the position and strength of the LLJ in the six stably stratified cases. The intensity of the LLJ is slightly overestimated by the FIGURE 5 | Time evolution of the boundary-layer height z i (Equation 28) for the stably stratified cases (S8C25, S8C50, S8C100, S5C135, S6C25, and S10C25; see Table 1 ) for the LESs (black), the SCMs with the BL89 length (red), and the SCMs with the BS length (blue). For the LESs, the data are smoothed by a moving average. SCM compared to the LES depending on the case (Figure 8) . In all simulated cases, the new SCM improves the predicted altitude of the maximum wind speed and the curvature of the potential temperature profile. Including the vertical wind shear explicitely in the mixing length reduces the over-diffusion in the SBL as found in Grisogono (2010) with a local formulation (Equation 16 ).
To quantitatively compare the models performances between the LES and SCM, we use the integrated cooling (IC) of the boundary layer, as proposed by Steeneveld et al. (2006) , given by
where z TOP is the top of the model domain. The ICs of all the stably stratified cases are represented in Figure 9 . The overestimation of the turbulent mixing with BL89 in the stably stratified cases induces stronger ICs compared to those in LESs (Figure 9 ). For comparison, Steeneveld et al. (2006) found an IC of −342 K.m using a first-order turbulence closure (Duynkerke, 1991 (Duynkerke, , 1999 for the GABLS1 case (S8C25). In this study, the original SCM also gives a strong value of −366 K.m compared to that of the LES (−223 K.m; Figure 9 ). The SCM with the new length scale BS gives values better in agreement with that of the LES (Figure 9 ). Compared to those in LESs, the absolute IC amounts are larger for weak stable cases (S8C25 and S10C25) and smaller for stronger stable cases (S8C50, S8C100, and S5C135; Figure 9 ). A possible cause of this is the stability dependence of the dissipation constant (Figure 4) , which is not included in the SCM. For example, the corrected value of C ǫ = 0.34, used with the new length scale, is maybe too large compared to the LES-derived C ǫ values for all data associated with Ri g > 0.15 (Figure 4) , i.e., for the strongest stratified cases (e.g., S8C100 and S5C135). Too much dissipation rate of the TKE induces too weak turbulent mixing which leads to warmer layers (Figure 6 ). The ICs are weaker compared to those of LESs (Figure 9) , especially for the VSBL (S5C135) in which the original model with BL89 performs better than the new one in term of IC.
Convective Boundary Layers
The new length scale proposed in this study was originally motivated by the need for a better representation of the SBL. However, it is also important to verify the consistency of the new formulation in convective conditions. Two LESs of convective boundary layers (CBL) based on observations are reproduced as references with the model Meso-NH (for more information, see the description in Section 2.2.3). Again, the new length scale BS is evaluated in single-column mode by comparing the FIGURE 6 | Potential temperature profiles averaged over the final hour (8-9th h) for the stably stratified cases (S8C25, S8C50, S8C100, S5C135, S6C25, and S10C25; see Table 1 ) for the LESs (black), the SCMs with the BL89 length (red), and the SCMs with the BS length (blue).
reference LES and 1D simulations with the current mixing length BL89. For the two cases, the evolution of the potential temperature profiles is shown in Figure 10 . The same initial profile is prescribed for the LESs and the single-column simulations; however, the initial profiles are very different between 05WC and IHOP. Case 05WC starts from a CBL with a weak capping inversion at ∼1,000 m (Figure 10) . IHOP starts from an initially stably stratified profile. Driven by different surface heat flux values, the CBL grows and reaches ∼1,500 m for the 05WC LES and ∼1,250 m for the IHOP LES after 7 h (similar to Figure 8 in Couvreux et al., 2005) . For each case, after 7 h, the SCM underestimates the inversion height by ∼200 m (Figure 10) . The inversion is also much sharper than that in the explicit simulations. These features are observed when using the current and the new length scales in the single-column simulations. The new length scale shows nearly no impact on the potential temperature profile (Figure 10) , which is unsurprising because the turbulent structures are primarily driven by the buoyancy force in convective conditions.
The modification of the turbulence scheme can be observed in the TKE profiles (Figure 11 ). For LESs, the sum of the resolved and subgrid TKEs is considered. In the 05WC LES, the initial convective stratification leads to strong mixing within the CBL, especially near the surface after 2 h (Figure 11) . A vertical redistribution of the energy is observed after 7 h with much more TKE at the top of the CBL and less energy near the surface. This behavior is also captured in the single-column simulations. The use of the new length scale combined with the revisited dissipation constant leads to an increase in the TKE at each height compared to the reference SCM for both cases (Figure 11 ). This can be partially explained by the decrease in the dissipation constant, which decreases the dissipation rate of the TKE, as can be seen in the TKE budget (not shown). The less intense dissipation is balanced by the effect of the wind shear on the mixing length, which decreases the production of turbulent fluxes. The net effect is positive because the buoyancy effect in the new length scale formulation (Equation 17 ) is relatively much larger than the shear effect in convective conditions. Therefore, the reduction of the TKE production is small compared to the reduction of the dissipation rate of the TKE. With the current SCM, the TKE profiles are underestimated at each height compared to the LES profiles (Figure 11 ). The new model increases the turbulent mixing and conserves the shape of the TKE profile compared to the current model. However, the TKE is overestimated in the lower part of the CBL and underestimated in the upper part (Figure 11) . To quantify the FIGURE 7 | Wind speed profiles averaged over the final hour (8-9th h) for the stably stratified cases (S8C25, S8C50, S8C100, S5C135, S6C25, and S10C25; see Table 1 ) for the LESs (black), the SCMs with the BL89 length (red), and the SCMs with the BS length (blue).
FIGURE 8 | Height of the maximum wind speed as a function of the maximum wind speed value computed from the wind speed profile of the stably stratified cases (▽, S5C135; +, S6C25; , S8C25, , S8C50; △, S8C100; and , S10C25; see Table 1 ) for the LESs (black), the SCMs with the BL89 length (red), and the SCMs with the BS length (blue).
overall TKE profile within the CBL, we propose using the vertically integrated TKE computed within the first 2,000 m such that
The current model underestimates the ITKE simulated by LESs by ∼50% for each case (Figure 12 ). The new model improves the overall TKE within the CBL by a factor 4 in the root-mean square deviation of the ITKE for the IHOP and 05WC cases in the 2-and 7-h profiles.
CONCLUSIONS
In this study, a modified formulation for the mixing length in a TKE-l turbulence scheme was evaluated using large-eddy simulations (LESs) of stable and unstable stratified atmospheres.
The new formulation integrates the local vertical wind shear within the non-local buoyancy-based formulation originally proposed by Bougeault and Lacarrere (1989) . The integration of the wind shear is important in the representation of the mixing intensity especially in stably stratified flows because it is the only source of turbulence production. Following the first model intercomparison GEWEX Atmospheric boundary layer Study (GABLS1; Beare 29) between the start and the end of the simulations for the stably stratified cases (S8C25, S8C50, S8C100, S5C135, S6C25, and S10C25; see Table 1 ) performed by the reference LESs, the original SCM (1D BL89), and the modified SCM with the new length scale (1D BS).
FIGURE 10 | Potential temperature profiles for the convective cases with strong shear 05WC (Left) and weak shear IHOP (Right); see Table 1 . Three runs are compared: the LES (black), the SCM with the BL89 length (red), and the SCM with the BS length (blue). Profiles are plotted 2 h (dashed line) and 7 h (solid line) after the start of the simulation (dotted line). Cuxart et al., 2006) , the GABLS1 case was reproduced using the model Meso-NH, which can be used in LES and single-column modes. This idealized case of a weakly stably stratified boundary layer has the advantage of being primarily driven by turbulent mixing because the surface cooling and geostrophic wind are prescribed. A numerical experiment was performed where the single-column model (SCM) was forced by LES-derived turbulent parameters (the mixing L m and dissipation L ǫ lengths and the stability function for heat ψ h ). This experiment highlighted the importance of the mixing length formulation.
We also demonstrated the importance of revisiting the dissipation constant C ǫ for the SCM. It is clear that there is a need to include a stability correction in the dissipation length scale (see for example Redelsperger et al., 2001 ) instead of using the traditional assumption of L m = L ǫ . The commonly used expression for the dissipation rate of the TKE (Equation 1) should be modified, especially in stable conditions where the motions are not isotropic. This deserves further study.
The new mixing length formulation was tested on neutrally stratified cases with different shear conditions, various stably stratified cases with varying surface cooling and geostrophic wind, and two convective cases. For stably stratified atmospheres, the new turbulence scheme is in better agreement with LESs in terms of turbulent mixing, the low-level jet and boundary-layer heights, and the temperature inversion. The overestimation of turbulent mixing in stably stratified atmosphere, a consequence of the current mixing length, was overcome by including the local vertical wind shear. For convective stratifications, the new SCM was evaluated against two cases (Ayotte et al., 1996; Couvreux et al., 2005) . Because the wind shear is not the main driving process in the development of a convective boundary layer, a very slight impact of the new length scale was simulated, as expected. This indicates that the new buoyancy-shear mixing length can be used in weather prediction and atmospheric models for any type of stability condition. Table 1 . Three runs are compared: the LES (black), the SCM with the BL89 length (red), and the SCM with the BS length (blue). Profiles are plotted 2 (dashed line) and 7 h (solid line) after the start of the simulation (dotted line).
FIGURE 12 | Vertically integrated TKE (Equation 30
) for the convective cases with strong shear 05WC (Left) and weak shear IHOP (Right); see Table 1 . Three runs are compared: the reference LESs, the original SCM (1D BL89), and the modified SCM with the new length scale (1D BS). The ITKE are computed 2 and 7 h after the start of the simulation.
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